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TAKAHIRO MATSUSHITA 



Abstract. In this paper, we introduce the notions of r-covering maps and r-fundamental groups for 
a positive integer r and investigate their basic properties. There exists a natural relation between r- 
covering maps and the subgroups of r-fundamental groups. After establishing the basic properties about 
r-coverings and r-fundamontal groups, we obtain some conditions a graph has a map to odd cycles from 
r-fundamental groups. 



1. Introduction 

The covering space theory is a basic theory in the algebraic topology, which states that subgroups of 
the fundamental group naturally correspond the covering spaces over the space, and is applied in many 
branches of the topology. A reference for classical covering space theory is [3] for example. 

The author introduced the notions of 2-covcring maps and 2-fundamcntal groups for graphs in [5] , and 
gives a relation between the chromatic number. In this paper, we generalize this theory to r-covering 
maps and r-fundamental groups for any positive integer r. r-covering maps and r-fundamental groups 
are closely related, as is the case of the covering space theory in topology. For example, the following 
theorem hold. This is the main theorem in this paper. 

Theorem 5.11. Let (G, v) be a based graph and r a positive integer. We write Xr{G, for the category 
of connected based r-covering over {G,v) whose morphism is a graph map over (G,w), and yriG,v) for 
the small category of all subgroups of 7r5'(G, w) whose morphisms are inclusion maps. Then the functor 
F : Xr{G, v) — > yr{G, v),p y-^ Imp* is a categorical equivalence. 

The theory of r-covcring maps gives some obstructions of the existence of the graph map G to an odd 
cycle as follows. 

Corollary 6.5. Let G be a connected graph with x{G) ^ 2 and m an odd integer greater than 1. If 
there is a graph map G Cm, the abelianization of 7r[(G, v) has Z as a direct summand for any r < m. 

This paper is organized as follows. In Section 2, we collect the basic terminologies and definitions 

about graphs. Especially, we need the notion of the x-homotopy defined in P]. In Section 3, we give the 

definition of r-covering maps and investigate their basic properties. In Section 4, we give the definition 

of r-fundamental groups and investigate their basic properties. In Section 5, we investigate the relation 

between based r-covering maps and r-fundamental groups and prove the first main theorem. In Section 

6, we compute all r-coverings over cycles and prove Corollary 6.5. 
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2. Definition 



A graph is a pair {V, E), where ^ is a set and E is a subset of V x V such that {x, y) ^ E impUes 
(y, x) £ E. So our graphs are nondirected, have no parallel edges and may have loops. For a graph 
G = {V,E), V is called the vertex set of G, denoted by V{G), and E is called the edge set of G and is 
denoted by E{G). For vertices v,w £ V{G), we often write w ~ w if (v,w). A graph map or a graph 
homomorphism from a graph G to a graph is a map / : V{G) V{H) with (/ x f){E{G)) C E{H). 
For a vertex v G V{G), we write N{v) for the set {w € V{G) \ {v,w) G E{G)}. More generally wc write 
N{A) = U„gA N{v) for any subset A C V{G). 



For a graph G and iJ, we define the product graph G x H hy V{G x H) ~ V{G) x V{H) and 
E{G xH) = {((xo, yo), (xi, yi)) | (xo, xi) 6 E{G) and (yo, yi) e E{G).}. 



A based graph is a pair (G, w) where G is a graph and u is a vertex of G. A based graph map is a 
graph map preserving basepoints. 

For a nonnegative integer n > 0, the graph Kn is defined by V{Kn) = {0, 1, • • • ,n — 1} and E{Kn) = 
{(*! j) I * 7^ j}- For a graph G, we define the chromatic number of G by the number 



Let G and H be graphs. Then a map rj : V{G) — > 2^*^*^^ \ {0} is called a multihomomorphism from G 
to H if 77(w) X 77(ui) C E{H) for any G E{G). Let t^q a-nd 771 be multihomomorphisms from G to 

H . Then we write 770 < ?7i if T^olf) C 771 (u) for any u G V^(G). We write Hom(G, H) for the poset of all 
multihomomorphisms from G to H and call the Hom complex from G to H. For further reference about 
Hom complex, see [1], for example. 

x-homotopy is defined by Dochtermann in [2] as follows. For nonnegative integer n, a graph /„ is 
defined by V{In) = {0, 1, • • ■ ,n} and E{In) = {(x, y) | |a; — y| < 1}. Let / and g be graph maps from 
a graph G to a graph H . A x-homotopy from / to g is a graph map F : G x I.^ ^ H such that 
F{x, 0) = f{x) and F[x, n) = g{x) for any x G V^(G). If there is a x-homotopy from / to g, we say that 
/ is x-homotopic to g, and written by / ~x 17 or simply f ~ g. It is easy to see that / is x-homotopic 
to g if and only if / and g are in the same component of Hom(G, H). 

A based x-homotopy is defined similarly considered in [5]. For based graph maps f,g : {G^v) 
{H, w), a based x-homotopy from / to g is a x-homotopy F : G x In ^ H from / to g such that F{v, i) = 
w for i G {0, 1, • • • , n\. If there is a based x-homotopy from / to we say that / is x-homotopic to g in 
the based sense. A based multihomomorphism from (G, v) to (if, w) is a multihomomorphism 77 from G 
to ii such that rj{v) = {id}. We write Hom((G, u), (iJ, w)) for the poset of all based multihomomorphism 
from (G, v) to [H, w). One can easily show that for based graph maps / and g from (G, v) to (iJ, w), J 
and (7 arc x-homotopic if and only if / and g arc in the same component in IIom((G, w), {H,w)). 

3. r-COVERING MAPS 

Let G be a graph and v G V{G). We write N{v) for the set {w G V{G) \ {v,w) G E{G)}. We define 
inductively Nr{v) as follows: 



X{G) 



mi{n > I There is a graph map G — > A'„.}. 



U Niw),{r>l). 
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Definition 3.1. Let r be a positive integer. A graph map p : G ^ H is called an r-covering map if 
p\Ni{v) ■ Ni{v) — > Ni{p{v)) is bijective for any < i < r. 

1-covering map is called a covering map in the usual sense. 

We do not assume that r-covering maps arc surjectivc on vertex sets. Hence — > G is an r-covcring 
map. 

Example 3.2. The foUowings are the fairly simple examples of r-covering maps. 

(1) An identity map is an r-covering map. 

(2) For a graph G, the second projection K2 x G ^ G is a r-covering map. More generally if a 
graph T such that jiA^(x) = 1 for any vertex x € V{T), the second projection T x G — >■ G is an 
r-covering map. 

Lemma 3.3. Let r be a positive integer and p : G ^ H a graph map. Then p is an r-covering map if 
and only if p\n{v) ■ N{v) N{p{v)) is surjective and p\i^^^y) : Nr(v) Nr(j){v)) is infective for any 

V e V{G). 

Proof. The " only if " part is obvious. Hence we only prove " if " part. 

Suppose p\n{v) is surjective and p\Nr{v) is injective for any v <E V{G). First we show that p\Ni{v) is 
surjective for any i > 1 by the induction on i. Suppose p\Ni{v) '■ Ni{v) — > Ni(p(v)) is surjective for any 

V € V{G). Let 1; e V{G) and let x G ^^^+1(^(1;)). Since p\Ni(v) is surjective, there exists w S Ni{v) with 
X S N(j)(w)). Since p\n{w) is surjective, there is u S N(w) with p{u) = x. Since u S Ni^i{v), we have 
that PN\i+i{v) is surjective. 

Next we show that p\Ni{v) is injective for any I < i < r and v G V{G). Suppose i < r and p\Ni+i(v) 
is injective for any v G V{G). Let w be a vertex of G. Let wojWi G Ni{v) with p{wo) = p{'Wi). Since 
wo,wi G Ni{v), we have Ni{v) ^ 0, and hence we have N{v) ^ 0. Let u G N{v). Then wqtWi G Ni+i{u). 
Since p\Ni+i{u) is injective, we have that wq = wi. Hence p\Ni{v) is injective. □ 

Lemma 3.4. Let f : G ^ H, g : H ^ K be graph homomorphisms and r a positive integer. Then the 
followings hold. 

(1) If g and f are r-covering maps, then gf is an r-covering maps. 

(2) // g and gf are r-covering, then f is an r-covering map. 

(3) // / is surjective on vertex sets, and gf is an r-covering map, then g is an r-covering map. 
Proof. Let v G V{G). Wc have the following commutative diagrams 



gf\f 



L2,--- 



|fflNi(/(")) ' 

N,{gf{v)) = N,{gf{v)) 
If one of (1), (2), (3) holds, two of three arrows in the diagram are bijective. Hence so is third. □ 

Definition 3.5. Let F be a group and G a graph and a a right F-action on G. a is called an r-covering 
action if for every v G V{G) and 7 G F \ {er}, we have Nr{v) n Nr-{v^) = 0. We define similarly that a 
left F-action on a graph is a r-covering action. 
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If an action G -r^ F is an r-covering action, we have Ni{v) n Ni{vj) = for w e V{G), 7 e F \ {er}, 
and for 1 < i < r. Hence for 1 < s < r, an r-covering action is an s-covering action. 

For a graph G we write G for a graph with the vertex set is the set of nonisolated vertices of G and 
E{G) = E{G). We remark that a F-action on a graph G induces the F-action on G and (G/F) = G/F. 
The F-action on G is an r-covering action if and only if the induced action on G is an r-covering action. 
A graph map p : G — > is an r-covering map if and only if p : G ^ is an r-covering map. 

Proposition 3.6. Let G be a graph, F a group, a a right T-action on G, and r a positive integer greater 
than 1 . Consider the following three conditions. 

(1) a is an r-covering action. 

(2) a is free on V{G) and the quotient map p : G G/T is an r-covering map 

(3) a is effective on V{G) and the quotient map p : G ^ G/F is an r-covering map. 

In any case, (1) and (2) are equivalent. If G is connected, then the above conditions are equivalent. 
Proof. Replacing G to G, we can assume that G has no isolated vertices. 

(1) (2) : Suppose a is an r-covering action. Since we assume that G has no isolated vertices, we have 
v G N2{v) for every vertex v of G. Since N2{v) fl N2{v^) = for 7 G F \ {er}. 

Let v e V{G). We want to show that p\m{v) is surjective and p\N.r{v) is injective. Let a € iV(p(v)) and 
w £ a. Then there exists 71,72 & F with (w7i,u>72) G E(G). Then i«727]~^ G N(v) and p(w^2li'^) — ^■ 
Hence p\n(v) is surjective. Let wi,W2 G Nr{v) with p{wi) = p{w2). Then there is 7 G F with wi'^ = W2. 
Since v G Nr{u!i)nNr{wij), we have 7 = er from the definition of r-covcring actions and hence wi = W2. 
Thus p\n2(v) is injecitive. 

(1) <= (2) : Let u G V{G) and 7 G F. Suppose Nr{v) D Nr{v-f) ^ and let w G Nr{v) n Nr{v-i). Then 
we have v,v^ G Nr{w) and p{v) = p{vj). Hence we have v = since G — !■ G/F is an r-covering map. 
Since the F-action o; on G is free, we have 7 is the identity of F. Therefore a is an r-covering action. 

(2) (3) is obvious. Wc suppose that G is connected and prove (2) <^ (3). Let v G V{G) and 7 G F 
and suppose v = vj. Then the map f^ : G ^ G, x ^ xj has a fixed point v. Then for any vertex 
w G N{v) is fixed point of 7 since w,wj G N(v) — N{v^) and p{w) = p{w^). By induction, we have 
that f-yiw) ~ w for any vu G V{G). Hence we have = idg. Since the action a is effective, we have 7 is 
the identity of F. Hence we have a is free. □ 

Example 3.7. Let G be a connected graph with x{G) = 2. Then there exist two independent subsets 
Aq,Ai of G such that AqU Ai = V{G) and AqD Ai — 0. Furthermore, this unordered pair {Aq, Ai} is 
uniquely determined. An involution r : G — s- G is said to be odd if t{Ao) = A\. Given an odd involution 
T on G, the associated Z/2Z-action on G is r-covering action for any positive integer r. Indeed, for any 

V G ^0, Nrirj) C A(r„iod.2) and iVr(r(w)) C ,nod.2) 

4. r-FUNDAMENTAL GROUPS 

Let n be a nonnegativc integer. The graph L„ is defined by V(L^^ = {0,1,--- ,ri} and E{Ln) — 
{{x,y) I \x — y\ ~ 1|}. A graph map from L„ to a graph G is called a path of G with length n. For 
v,w £ V{G), we denote the set of all paths from w to u; by P{G;v,w). For a path (p of G, we write 
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l{(p) for the length of ip. Let r be a positive integer. We consider the following two conditions for 

iip,^!) e P{G;v,w) X P{G;v,w). 

(i) l{(p) + 2 = [{t/j) and there exists a; £ {0, 1, • ■ • , l{(p)} with ip{i) — ioi i < x and 1^9(1) = ^p{^ + 2) 
for i > X. 

(ii)r l{(p) = ^("0) and there exists x G {1,2, ■ ■ ■ , l{(p) — 1} such that 1^9(1) = if i ^ {x, x + 1, ■ ■ ■ x + 
r-2}. 

The condition (ii)i implies ip = tJj. We write ~r for the equivalence relation on P{G;v,w) generated 
by the above two conditions, and write 7r[(G; v, w) for the quotient set P{G; v, w) / For paths ip and 
Ip from w to w, we say that p is r-homotopic if p V"- We write [p\r for the equivalence class of ~r 
represented by ip. 

Let (p : Ln G and ip : Lm — >■ G be paths with p{'n) = -(/'(O). We define the path tp ■ p : L„+m ~> G 
by ("0 • <p)(j) = (/'(O for i < n and ("0 • </3)(i) = "(/"(i — tt.) for i > n. 

Lemma 4.1. Let r be a positive integer and G a graph and u,v,w S V{G) and p>,<p' G P{G;v,w) and 
Ip, Ip' G -P(G; u, v). If if ~r ff^f^ — r 0'- i/ien we have p> ■ tp ^' ■ fp' ■ 

Proof. We can assume p> = p>' or ip = ip' . Suppose (p = p>' . It is sufficient to show that if ip and ip' satisfy 
the condition (i) or (ii), then ip ■ ip '^y. ip ■ ip' . But this is obvious. The case ip = ip' is similar. □ 

From Lemma 4.1, the composition map P{G; v, w)xP{G; u, v) — > P{G; u, w) induces a map 7r5'(G; v, w) x 
7r[(G; u, v) — s- 7r[(G; u, w). 

Definition 4.2. For a based graph {G,v), nl{G;v,v) is denoted by n'[{G,v). 7r[(G,w) is a group with 
the composition and is called the r -fundamental group of {G,v). 

Let / : (G, v) — !• {H, w) be a based graph map. Then it is easy to see that / induces a group 
homomorphism 7r[(G,w) — > t:\{H,w), \ip\r ^ \f o p^]r- We denote this group map by T^Kf) or 

Let r and s be positive integers with s < r. From the definition of r-homotopy of paths, ip c:is ip implies 
p ~,. Ip for any loops p> and i/j of a based graph (G, w). Hence there is a surjective group homomorphism 
7rf (G, w) 7r5'(G, w). This group maps are natural with respect to based graph maps. 

We remark that for each loops (p and ip of (G, v), (p ip implies l[p) = l(ip) modulo 2. Therefore we 
have a well-defined group homomorphism 

<(G,u) ^ Z/2Z, [if] ^ {l{ip) mod.2). 

We write 7r[(G,w)ev for the kernel of the above group homomorphism and call the even part of the r- 
fundamental group of (G, v). For any positive integer r, 7r[(G, v)cv = t^HG, v) if and only if the chromatic 
number of the component containing v is equal to 2. 

Relation with x-homotopy. 

Lemma 4.3. Let G be a graph, and v,w € V{G). We write ~2 equivalence relation on P{G; v, w) 

generated by the condition (i) in the definition of r-homotopy of paths and the condition (ii)'2 for paths 
'P,ip € P{G; V, w) defined as follows : 

(ii)^ l{p^) = m and {p> X iP){El,,J C E{G). 
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Then ~2 coincides ~2. 

Proof. Let (p and ip be paths from v to w. If (/? and t/j satisfy the condition (ii)2, then (p and tp satisfy the 
condition (ii)2- Hence " ~2 " imphes " ~2 ". Suppose (p and i/j satisfy the condition (ii)2- Write n for 
the length of (p. Wc write (pk '■ Ln ^ G {k — 1, ■ ■ ■ , n — 1) for the path defined by (pk{i) — for i < k 
and (pkii) = ^{i) for i > k. Then ipk and ipk-i satisfy the condition (ii)2- Hence ~2 inipHes ~2- D 

Lemma 4.4. Suppose r is an integer greater than 1. Let f,g : {G,v) — > {H,w) he graph maps with 
/ ~x g in the based sense. Then we have that T^Kf) = TTi{g) ■ ttI{G,v) — > 'k\{H,w). 

Proof. Wc can assume that (/ x g){E{G)) C E{H). Let : L„ — > G be a loop of (G, v). Then we have 
that {f o(p) X {goip)[E{Ln)) C (/ x g) o (ip x ip){E{Ln)) C E{G). Hence foip is 2-homotopic to goi^. □ 

Next we consider nonbased x-homotopy. To formulate this, we require the adjoint map of paths. 
Let G be a graph, v,w V{G), and a e ttI{G;v,w). Then Ad{a) : tt\{G,v) — > nl{G,w) be a map 
defined by /3 i— > a • /3 • a. For a path 7, we often abbreviate Ad([7]r) for Ad(7). Then we have that 

• Ad(/3 • a) = Ad(/?) o Ad(a) if composable. 

• Ad([=i=i,]r) = id„-{G,v) 

Hence we have that Ad(a) o Ad(a) = id and Ad(a) o Ad(a) = id. Therefore Ad(a) is an isomorphism 
of groups whose inverse is Ad(a). In particular, if G is connected, the isomorphism class of the r- 
fundamcntal group of G is independent of the choice of the basepoint of G. So we often abbreviate 
7r[(G,v) to tt'[{G) if G is connected. 

Proposition 4.5. Let r be an integer greater than 1, / and g graph maps from a graph G to a graph 
H with f c^^x g- Let v he a nonisolated point of G. Then there is a path 7 from f{v) to g{v) such that 
Ad(7) o ^\{f) = nl{g) : 7r|;(G,«) ^ n{{H,g{v)). 

Proof. Let : G x /„ — > i7 be a x-homotopy from / to g. Let w G N{v). We write 7' : L2n G x In 
for the path of G x /„ defined by 7'(2i) — [v, i) for < i < n and 7'(2i — 1) = (w, i) for 1 < i < n. We 
write 7 for a path F o 7'. We want to prove that 7 is the desired one. 

Let Lp he a, loop of (G, v). Put p^ ~ i^ o ip and </3„ = in ° p, where i/t : G — > G x /„ is a graph map 
defined by a; (x. A;) for k £ {0, 1, • • ■ , n}. We claim that 1^90 —r l' ■ Pn ■ 7'- Let q : G x In ^ G x In 
be the graph map defined by q{x,t) = (x,0). Then q is x-homotopic to the identity in the based sense, 
where we consider the basepoint of G x /„ is (w, 0). Hence we have 

1' ■ Pn- 7' —r 9(7' ■ ' l') —r P>0 

from the previous lemma. Therefore we have 

./*(Mr) = i^*(bo]r) = F4[y • pn ■ i]r)l ■ g*{Mr) ' 7 = Ad(7) (g, ( [9,] ,)) . 

Hence we have = Ad(7) o □ 

Corollary 4.6. Let r be an integer greater than 1 and f : G ^ H he a x-homotopy equivalence. Then 
for any nonisolated vertex v of G, the map 7r[(/) ; ■n\{G,v) — >■ Trl{H, f{v)) is an isomorphism. 
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Proof. Let g he a x-homotopy inverse of /. Then from the previous proposition, 7r[(g o /) is an adjoint 
of paths and, in particular, is an isomorphism. Hence 7r[(/) is injective. Similarly, we can prove that 
7r[(/o g) is an isomorphism. Hence 7r[(/) is surjcctive. □ 

5. Relation to r-covERiNG maps and t-fundamental groups 

In this section, we assume that r is a fixed positive integer. A based graph map p : (G, v) {H, w) 
is called a based r-covering map if p : G — > is an r-covering map. 

Lemma 5.1. Let p : (G, v) — !• {H, w) be a based r-covering map for r > 1. 

(1) For a path Lp : (i„, 0) {H, w), there exists a unique (p : 0) — >■ (G, v) with tp = p o (p. 

(2) Let u £ V{H) and paths Lp and ip of LI from w to u. We write (p and ip for the lifts of ip and whose 
initial points are v. If (p ~r V'j then the terminal points of (p and ■0 coincide and (p ~r V'- 

Proof. The proof of (1) is easy and is left to the reader. 

We can assume that and satisfies the condition (i) or (ii) in the definition of r-honiotopy of paths. 
Suppose (<p,'0) satisfies (i). We write l{}p) ~ n, and x 6 {0, 1,-- - ,n} with ip{i) ~ ip{i) for i < x and 
ip{i) ~ tp{i + 2) for i > X. Then the uniqueness of the lift of (pIl^ implies <p{i) = 'ip{i) for i < x and the 
uniqueness of the lift of Ln-x G,i ^ ip{i + x) implies ip{i) = 'ip{i + 2) for i > x. Hence the terminal 
points of ip and ip coincide and {<p,ip) satisfies the condition (i). 

Secondly we assume that {(p^ip) satisfy the condition (ii). Then n := l{ip) ~ li'ip) and there is 
X G {1, • ■ • n — 7' + 1} with Lp{i) ~ tp{i) for i ^ {x, a; + 1, • • ■ ,x + r — 2}. From the uniqueness of the lift, 
we have (p{x — 1) = tplx — 1). Since varphi{x + r — 1) and iplx + r — 1) are elements of Nr{<p{x — 1)) 
and ip{x + r — 1) = ijj^x + r — 1), we have (p{x + r — 1) = ip{x + r — 1), and hence we have ipin) = ip{n). 
Hence {ip,ip) satisfies the condition (ii). □ 

Corollary 5.2. Let p : (G,v) (LI^w) be a based r-covering map. Then p^ : 7r[(G, u) — > 7:1(11, w) is 
injective. 

Proof. Let ip be a loop in (G, u) with poip ~ From the previous lemma, we habe that the r-homotopy 
class of ip is equal to the r-homotopy class of the lift of *„, . Hence we have that ip *y. □ 

Proposition 5.3. Let p : (G, w) — > {H,w) be a based r-covering map. Then : 7r[(G, u) — > 7r[(iJ, w) 
is injective. Let ip be a loop of {H,w). Then [ip] e p^{pi\{G,v)) if and only if the lift of ip whose initial 
point is V is a loop of {G,v). 

Proof. Let iy9 be a loop of {H, w) and (p be the lift of ip whose initial point is v. If is a loop of (G, v), 
we have [ip] = p*[0\ £ p,(7r[(G, v)). On the other hand, suppose [(p] £ p*(7r[(G, ii)). Then there exists a 
loop ijj of (G, v) with p o lp ^- From Lemma 5.1, the terminal point of ip is equal to the one of ip., and 
hence is a loop of (G, v). □ 

Proposition 5.4. Let p : (G, w) — > {H,w) be a based r-covering map and {T,x) a connected based graph, 
and f : {T, x) — > [H, w) be a based map. Then there exists a graph map f : (T, x) — > (G, v) such that 
P° f = f ij and only i/ /*(7r[(T, x)) C p*(7r[(G, w)). 
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Proof. Suppose there exists / : {T,x) — > {G,v) such that po f ~ f. Then we have /*(7r[(T, x)) = 
o /,(7r[(T,x)) Cp*{ttI{G,v)). 

Suppose /*(7r[(r, x)) C p»(7r[(G', u)). Let y e and ip a path from a; to y. We write for the hft 

oi f o ip with respect to p whose initial point is v. We want to define that f{y) is the terminal point of (p. 

We prove that / is well-defined. Let ij) be another path from x to y and ij) be the lift of f o ip with 
respect to p whose initial point is v. We write 7 for the lift of / o [ip ■ ip) whose initial point is v. Then 7 
is a loop since /*(7r[(T, x)) C p*(7r5'(G, v)). Since the lifts of two paths which are r-homotopic have the 
same terminal point and the lift of f o (ip ■ ip ■ ip) is ip ■ we have that ip and (p have the same terminal 
point. Hence / is well-defined. 

Next we prove that / is a graph map. Let (2/0,2/1) G E{T). Let (po be a path from x to j/o, and 
tpi : T be a path defined by </3i|L,(^g) = 'Po and ipi{l{ipQ) + 1) = yi. We write (^i for the lift of 

f o ip whose initial point is equal to v for each i ~ 1, 2. From the uniqueness of the lift of paths, we have 
that <^i|l,(^,^) = <^o- Hence /(j/i) = (pi{l{>po) + 1) ^ ipo{l{ipo)) = /(j/o)- Hence we have that / is a graph 
map. □ 

Remark 5.5. The lift / is uniquely determined. More generally, the followings hold. 

Let p : G — > -ff be a 1-covering map, T a connected graph and two graph maps f,g:T^G with 
P ° f = P ° 9- If there exists x G V{G) with f{x) — g{x), then / = g. 

Proposition 5.6. Let p : {G,v) (H,w) be a based r-covering map where G is connected. Then there 
is a bijection 

<t> : nl{H,w)/p47Tl{G,v)) ^ p~\iv). 

This bijection is constructed as follows. Let [ip] G 7r[(i7, i«)/p*(7r[(G, v)). Then is the terminal 

point of the lift of ip whose initial point is v. 

Proof. First we prove that is well-defined. Let p> and ip be loops in (H, w) with [tp] ~ [?/'] in 
7r5'(J?, w)/p,(7r[(G, w)). We write (p for the lift of ip with respect to p whose initial point is ip. There 
exists a loop 7 in (G, v) such that (p ■ {p o ^) — ijj. Then the terminal points of lifts of ip ■ (p o 7) and ip 
are coincide. Since the lift o (/? • (p o 7) is equal to • 7, we have that the terminal points of ip and ip are 
coincide. Hence $ is well-defined. 

The surjectivity of <i> is easily deduced from the connectivity of G. We prove that $ is injective. Let 
ip and Ip be loops in {H,w) with $([<^]) = $([■0]). Let ^ = (p ■ ip. Then (p ■ ^ c:^ ip. Hence we have 
ip - {p°^) — Ip. This means that [ip] = [ijj] in 7r[(i7, w)/p»7r[(G, w). Hence $ is injective. □ 

A based r-covering map p : {G,v) -> (G, w) is said to be universal if G is connected and 7r[(G, w) is 
trivial. We can easily prove that a universal r-covering over (G, v) is unique up to isomorphism over 
(G, v) from Proposition 5.4 and Remark 5.5. 

Corollary 5.7. Let p : {G,v) — > (G,v) be a universal r-covering map. For each x G p^^{v), let ip^ be a 
path from v to x. Then \p o ip,^] 7^ [p o ipy]^. for x, y G p^^{v) with x ^ y, and 7r[(G, v) — {\p o ipaP\r \ x G 
p-\v)}. 
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Proof. From Proposition 5.6, $ : 7r[(G, v) — > p^^{v) is bijective. Since o ipx]r) = x, we have that 
[p o ^x]r [p ° 'Py]r X ^ y . Let a e 7r[(G, v) and put x ~ $(a). Then o (^^Jr) = x = $(a). Since 
$ is injcctive, we have \p o (px]r ~ ol- Hence 7r[(G', v) ~ \}{po (px]r \ x G p^^{v)}. □ 

Proposition 5.8. Let {G,v) be a graph. Then there exists a universal covering over {G,v). 

Proof. We define V{G) by the set IJ«,ev(G) '^i ('^5 ^' ^) and E{G) = {(«,/?) | There is V3 G ^ with 
v|L,(^)_iea.}, p(7ri(G; u, w)) C {w} and w = 

First we show that G = {V{G),E{G)) is a graph. We claim that the foUowing three conditions for 
(a, /3) G V{G) X V{G) are equivalent. 

(1) {a,l3)eE{G). 

(2) For each f & a, the map : l^(iz(<^)+i) — !> V'(G) defined by ip'\v{Ln^)) = <P ^^d ip'{l{ip) + 1) = 
p{/3) is a graph map and an element of (3. 

(3) There is ip E a such that the map ip' : y(L/(^)) — > y(G) defined by 'p'|y(L,(^,) and ip'{l{ip) + 1) 
p{f3) is a graph map and an element of /3. 

In fact (2) ^ (3) <^ (1) is obvious, and (3) ^ (2) is deduced from Lemma 4.1. 

Let {a, (3) G E{G) and (/j G a and ip' G 13 with <(5'|l,(^,j_j = (yS. We define ip" : — G by 

= for i < l{(p') and (p"{l{ip') + 1) = p{a) = p{l{ip)). Then since p>" ~ (/? and hence [ip"]r G a. 
Therefore we have (/3, a) G E{G). Hence the pair G = {V{G),E{G)) is a graph. 

Next we prove that p is an r-covering map. It is obvious that p is a graph map. Let a G V{G). It is easy 
to show that p\M{a) ■ N{a) — > N{p{a)) is surjective. So we only prove that pIn^^o) ■ Nr{a) — > Nr{p{a)) 
is injective. Let /32 € Nr{a) with = p(/32)- Then there are sequences 70, • ■ • , 7r and 7o, • • • 7^ of 

V{G) with 

a = 70 ^ 71 ~ • • ■ ~ 7r = ^1 , 

a = 7o ~ 7l 7'- = ^2- 

Let a representative ip : Ln ^ G of a. We define (/ji : i,i+r G by (^i|l„ = and pi{n + i) = p{ji) 
for < i < r and p2 ■ Ln+r G hy P2\l„ = 'P and (^2(« + i) ~ p{li) for < z < r. Then ipi G /3i and 
</32 G /32 and (^1 ~,. p2. Therefore p\N^{a) is injective. 

Next we prove that G is connected. Let a G V{G) and : L„ — !■ G be a representative of a. Then 

^ = ['/'Uo]'- ^ = a 

Hence G is connected. 

Finally we prove that 7r[(G, tj) is trivial. Let [ip\r G p*(7r[(G, w)) and put n ~ l{p). Then the lift p 
of (p whose initial point is v is described as ip{i) ~ [(/jjij^. Since the terminal point of (p is equal to v, 
hence we have [*v]r = p{n) = [p>\r- Hence p^ is trivial. Since is injective, 7r5'(G, w) is trivial. □ 

Lemma 5.9. Let (G,w) be a graph and {G,v) the universal r-covering over {G,v) constructed in the 
proof of Proposition 4-8. Then the action 

V{G) X 7r[(G, v) ^ V{G), {I3,a)^(3-a 

is an r-covering action. 
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Proof. Let ^ €V{G) and a e 7r[(G', v). Suppose Nr{/3) n iV^(/3 • a) ^ and let 7 e Nr{l3) nNr{P-a). 
Then /3, /3 • a £ Nr{'^). Since p : G — > G is an r-covering map, we have that /3 = /3 ■ a. Since this action 
is obviously free, we have that a is equal to the identity of F. Hence this action on G is an r-covcring 
action. □ 

Proposition 5.10. Let r be a positive integer. Let (G, w) be a based graph and T a subgraph of ttI(G,v). 
Then there is a connected based r- covering pr : (Gr,i'r) (C, w) with pr*{TT'[{Gr,vr)) = T. 

Proof. Let p : (G, v) — > (G, v) be the universal r-covering over (G, v) constructed in Proposition 5.?. Put 
Gr = G/F. Since the action on G is an r-covering action, the quotient map g : G — > Gr is an r-covering 
map. From the universality of the quotient, there is pr : Gr H such that pr o q = p. Since p and q 
are r-covering maps and q is surjective on vertex sets, pr is an r-covering map. 

We want to show that pr*(7i'i (Gr, wr)) = T- Let (/s be a loop of (G, w). We write Lpr for the lift of 
ip with respect to pr whose initial point is ur, and ip for the lift of p with respect to p whose initial 
point is V. Then q o {p ^ (p-p. Then we have that " [ip] G pr*(7r5'(Gr, wr))-" ^ " </'r is a loop." <^ " 
The terminal point of p is included in F." <^ " [p] E F." The last "<^" is obtained from the fact that 

m = [^uj. □ 

Theorem 5.11. Let (G, v) be a based graph and r a positive integer. We write Xr{G, v) for the category 
of connected based r-covering over (G,w) whose morphism is a graph map over {G,v), and yr{G,v) for 
the small category of all subgroups of ttI(G,v) whose morphisms are inclusion maps. Then the functor 
F : Xr{G,v) — > 3^r(G, i'),p I— > Imp* is a categorical equivalence. 

Proof. We have that F is essentially surjective from Proposition 4.10, and F is fully and faithful from 
Proposition 5.4 and Remark 5.5. □ 

Proposition 5.12. Let (G,f) be a connected based graph with x(G) ^ 2. Then the subgroup of ttI(G,v) 
associated to {K2 x G, (0,w)) — > {G,v) is 7r[(G,w)ov 

Proof. Let p : Ln ^ G he the loop of (G, w). Then the lift p oi p whose initial point is (0,w) is 
X ^ {x mod. 2, p[x)). Hence p is a, loop if and only if l{p) is even. □ 

6. r-COVERING MAPS OVER CYCLES 

For a positive integer m, a cycle Gm is the graph defined by V{Cm) ~ 'L/m'L and E{C„i) = {ix,x + 
1), {x + l,x) I a; £ Z/toZ}. Hence Gi is the one looped vertex, G2 ~ K2 and G3 = A'3. In this section, 
we compute all covering maps over G,„ for m > 1. r and to arc assumed to be positive integers. Next 
we consider the condition a graph has a graph map to Cm with odd to. 

Let L be a graph defined by V{L) = Z and E{L) = {(x, y) | |x — y| = 1}. First we remark that 
7r[(L, 0) is trivial for any r > 1. Indeed, to prove this fact, it is sufhcient to prove that 'k\{L, 0) is trivial. 
But this is well-known. 

Lemma 6.1. Let r and to be positive integers andpm '■ L — > Gm o, graph map defined by x ^ (x mod. to). 
Then the followings hold. 

(1) Suppose TO is even. Then pm is an r-covering map if and only if 2r < m. 
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(2) Suppose m is odd. Then pm is an r-covering map if and only if r < m. 

Proof. Let x G V{L) = Z. Then Pm\N{x) '■ N{x) — > N{x mod.m) is surjcctive. So we want to determine 
the condition Prn\Nr{x) is injective for all x e V{L). Since Nr{x) = {.t — r, x — r + 2, ■ • ■ ,x + r}, Pm\Nr{x) 
is injective for all x £ V{L) if and only if for each x S V{Cm) = Z/mZ, x, x + 2, ■ ■ ■ ,x + 2r are distinct 
{r + l)-elements of Z/mZ. This completes the proof. □ 

Lemma 6.2. Let r and m he positive integers. Then the followings hold. 

(1) Suppose m is even and 2r < m. Then 7r5'(C„i) = Z. 

(2) Suppose m is odd and r < m. Then 7r[(C,„) = Z. 

Moreover, the generator of tt[{C„i) is represented by L,n — > Cm, x t-^ {x mod.m) in these cases. 

Proof. Let m be a positive integer satisfying one of the following two conditions. 

• m is even and 2r < m. 

• m is odd and r < m. 

In these case, the map pm ■ L — > Cm is the universal r-covering map. For a nonnegative integer n, we 
define ipn ■ Lnm L hy ipn{x) = x. For a negative integer n, we define ipn : i-nm ^ L hj (p„{x) = —x. 
Put an = [p o ^Pn\r G (C,„). Then we have 

• otk if n ^ k. 

• 7r[(Cm) = {an I n e Z}. 

• • ttfe = Oln+k- 

Hence the map Z 7r[(Cm), A: i-^ is a group isomorphism. □ 

This lemma implies that if m is even and 2r < to or m is odd and r < m, the r-covering map over 
Cm arc described as a natural projection C„,„ — > Cm for any positive integer n. 

Lemma 6.3. Let r and m be positive integers. Then the followings hold. 

(1) Suppose m is even. Then irKCm) is trivial if 2r > m. 

(2) Suppose m is odd. Then TT{{Cm)cv *s trivial if r >m. 

Proof. First we prove (1). The case m = 2 is obvious. We assume to > 4. In this case, 7r[(Cm) = Z 
from the previous lemma, and the generator is represented by Lp : Lm Cm- So we want to prove that 
[Lp\r = in the case 2r > m. In this case, we have that ip is homotopic to the map ip : Lm Cm such 
that ■)/'(*) = for i < Y and = f{m — i) ioi i > and ijj is obviously r-homotopic to the trivial 
one. This completes the proof of (1). 

The (2) is deduced from (1), since K2 x Cm ~ C2m if m is odd. □ 

Summarizing these two lemmas, we have the following. 

Theorem 6.4. Let r and m be positive integers. Then the followings hold. 

(1) Suppose m is even. Then 7r[(Cm) is trivial if 2r > m and 7r[(Cm) ~ Z if 2r < to. 

(2) Suppose TO is odd. Then 7r[(Cm) = Z/2Z if r > m and 7r[(Cm) = Z if r < m. 

Corollary 6.5. Let G be a connected graph with x{C) ^ 2 and to an odd integer greater than 1. If there 
is a graph map C Cm, the abelianization of tt{{G,v) has Z as a direct summand for any r < m. 
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Proof. Let r be a positive integer with r < m. Suppose that the abehanization of 7r[(G) does not have 
Z as a direct summand and there exists a map G — > Cm- Then we have that tt{{G) -4 7r[ (Cm) = Z is 
trivial. Hence there is a map G ^ L. But this contradicts the assumption x(G') 7^ 2. □ 

Remark 6.6. If the abehanization of 7r™^^(G, u) has Z as a direct summand, then the abehanization of 
7r[(G,v) has Z as a direct summand for any r < m — 1 since there is a surjective group homomorphism 
ttI{G,v) tt1'-\G,v). 

Example 6.7. Let G be a graph obtained from the graph of Figure 1 by identifying each vertex on the 
boundary with its antipodal vertex. Then it is easy to see that xi^^) = 3. But there is no graph map 
G ^ C5, since tt^ (G) = Z/2Z. We remark that the odd girth of G is equal to 9. 




Figure 1. 
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